Introduction {#Sec1}
============

As is well known, viruses have caused the abundant types of epidemics and are alive almost everywhere on Earth, infecting people, animals, plants, and so on. There are a large number of diseases, which are caused by viruses for example: influenza, hepatitis, HIV, AIDS, SARS, Ebola, MERS. Therefore, it is important to study viral infection, which can supply theoretical evidence for controlling a disease to break out. In the past years, many authors have studied continuous time viral infection models which are described by the differential equations. See, for example, \[[@CR1]--[@CR28]\] and the references cited therein.

In \[[@CR1]\], Hattaf *et al.* proposed the following continuous time viral infection model: $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \textstyle\begin{cases} \frac{\mathrm {d}x(t)}{\mathrm {d}t}=\lambda-d x-f(x,y,v)v,\\ \frac{\mathrm {d}y(t)}{\mathrm {d}t}=f(x,y,v)v-ay,\\ \frac{\mathrm {d}v(t)}{\mathrm {d}t}=ky-uv, \end{cases} $$\end{document}$$ where *x*, *y*, and *v* denote the densities of uninfected cells, infected cells and virus cells, respectively, *λ* is the rate of production of uninfected cells, *d* is the death rate of uninfected cells, $\documentclass[12pt]{minimal}
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                \begin{document}$f(x,y,v)$\end{document}$ is the rate of uninfected cells to become infected by virus, *a* is the rate of disappearance of infected cells, *k* is the rate that virus produces by infected cells, and *u* is the rate of virus died. The dynamic behaviors of the model are studied. Although model ([1](#Equ1){ref-type=""}) is simple, model ([1](#Equ1){ref-type=""}) is very important in viral epidemiology, which can show ample viral behaviors. Then, based on continuous model ([1](#Equ1){ref-type=""}), Shi and Dong in \[[@CR22]\] proposed a discrete-time analog for the special case $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$f(x,y,v)=\beta x$\end{document}$ of model ([1](#Equ1){ref-type=""}) by using Micken's non-standard finite difference (NSFD) scheme. The authors studied the local and global stability of the equilibria and the permanence of the model. In \[[@CR26]\], Hattaf and Yousfi proposed the following discrete-time analog directly for model ([1](#Equ1){ref-type=""}) by using the NSFD scheme: $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \textstyle\begin{cases} x_{n+1}= x_{n}+h(\lambda-d x_{n+1}-f(x_{n+1},y_{n},v_{n})v_{n}),\\ y_{n+1}= y_{n}+h(f(x_{n+1},y_{n},v_{n})v_{n}-ay_{n+1}),\\ v_{n+1}= v_{n}+h(ky_{n+1}-uv_{n+1}), \end{cases} $$\end{document}$$ where $\documentclass[12pt]{minimal}
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                \begin{document}$n\in N$\end{document}$, and *N* denotes the set of all non-negative integers. The global asymptotic stability of the disease-free equilibrium and the chronic infection equilibrium is established by constructing the suitable Lyapunov functions. In \[[@CR28]\], the authors extended model ([2](#Equ2){ref-type=""}) to the delayed case. By using the method of Lyapunov functions, the authors established the global asymptotic stability of the disease-free equilibrium and the chronic infection equilibrium with no restriction on the time-step size.

In general, our target is to eliminate and control the virus and infected cells. For all this, many authors have noted that the immune response takes great effect to eliminate and control the virus and infected cells because CTL (cytotoxic T lymphocyte) cells affect the virus load. Therefore, a four dimension continuous time virus dynamical model with Beddington-DeAngelis incidence rate and CTL immune response was studied by Wang, Tao and Song in \[[@CR2]\]. The model proposed is as follows: $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \textstyle\begin{cases} \frac{\mathrm {d}x(t)}{\mathrm {d}t}=\lambda-d x-\frac{\beta xv}{1+mx+nv},\\ \frac{\mathrm {d}y(t)}{\mathrm {d}t}=\frac{\beta xv}{1+mx+nv}-ay-pyz,\\ \frac{\mathrm {d}v(t)}{\mathrm {d}t}=ky-uv,\\ \frac{\mathrm {d}z(t)}{\mathrm {d}t}=cyz-bz. \end{cases} $$\end{document}$$ The authors established the global stability of the disease-free equilibrium, the immune-free equilibrium, and the endemic equilibrium.

Motivated by the above works, in this paper we consider a discrete-time analog of a class of continuous time virus dynamical models with nonlinear incidence and CTL immune response which is established by using NSFD scheme. The model is proposed in the following form: $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \textstyle\begin{cases} \frac{x_{n+1}-x_{n}}{\phi}=\lambda -d x_{n+1}-f(x_{n+1},y_{n},v_{n})v_{n},\\ \frac{y_{n+1}-y_{n}}{\phi }=f(x_{n+1},y_{n},v_{n})v_{n}-ay_{n+1}-py_{n+1}z_{n+1},\\ \frac{v_{n+1}-v_{n}}{\phi}=ky_{n+1}-uv_{n+1},\\ \frac{z_{n+1}-z_{n}}{\phi}=cy_{n+1}z_{n+1}-bz_{n+1}, \end{cases} $$\end{document}$$ where $\documentclass[12pt]{minimal}
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                \begin{document}$z_{n}$\end{document}$ denote the densities of uninfected cells, infected cells, virus cells, and CTL cells at time *n*, respectively. The parameters *λ*, *d*, *a*, *k*, and *u* have the same biological meanings as in model ([1](#Equ1){ref-type=""}), *p* is the removed rate for the infected cells by the CTL immune response, *c* is the proliferated rate for the CTL cells by contact with infected cells, *b* is the disappearance rate for the CTL cells, and the function *ϕ* is a denominator function (see \[[@CR29], [@CR30]\]), which is defined by $$\documentclass[12pt]{minimal}
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                \begin{document}$$\phi=\phi(h)=\frac{e^{d h}-1}{d }. $$\end{document}$$ It is well known that the non-standard scheme satisfies the following important rules: the standard denominator *h* in standard discrete derivative is replaced by a denominator function $\documentclass[12pt]{minimal}
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                \begin{document}$\phi(h)=h+o(h^{2})$\end{document}$ and *h* is the time-step size of numerical integration, and the nonlinear terms are approximated in a nonlocal way using more than one mesh point (see \[[@CR31], [@CR32]\]).
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                \begin{document}$f(x,y,v)=\frac{\beta x}{1+mx+nv}$\end{document}$, we can get the corresponding discrete-time analog of continuous model ([3](#Equ3){ref-type=""}) as follows: $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \textstyle\begin{cases} \frac{x_{n+1}-x_{n}}{\phi} =\lambda-d x_{n+1}-\frac{\beta x_{n+1}}{1+mx_{n+1}+nv_{n}}v_{n},\\ \frac{y_{n+1}-y_{n}}{\phi} =\frac{\beta x_{n+1}}{1+mx_{n+1}+nv_{n}}v_{n}-ay_{n+1}-py_{n+1}z_{n+1},\\ \frac{v_{n+1}-v_{n}}{\phi} =ky_{n+1}-uv_{n+1},\\ \frac{z_{n+1}-z_{n}}{\phi} =cy_{n+1}z_{n+1}-bz_{n+1}. \end{cases} $$\end{document}$$

In this paper, our main purpose is to study the threshold dynamics of model ([4](#Equ4){ref-type=""}). The two basic reproduction numbers $\documentclass[12pt]{minimal}
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                \begin{document}$R_{1}$\end{document}$ are defined. The basic properties on the positivity and boundedness of solutions and the existence of the virus-free equilibrium, the no-immune equilibrium and the infected equilibrium are established. By using the Lyapunov functions and linearization methods, we will establish a series of criteria to ensure the stability of the equilibria for model ([4](#Equ4){ref-type=""}). That is, we will prove that when $\documentclass[12pt]{minimal}
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                \begin{document}$R_{0}\leq1$\end{document}$ then model ([4](#Equ4){ref-type=""}) only has the virus-free equilibrium and it is globally asymptotically stable, when $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$R_{0}>1$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$R_{1}\leq1$\end{document}$ then model ([4](#Equ4){ref-type=""}) has only the virus-free and the no-immune equilibria, the virus-free equilibrium is unstable and under the additional assumption $\documentclass[12pt]{minimal}
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                \begin{document}$(A_{4})$\end{document}$ (see Section [3](#Sec3){ref-type="sec"}) the no-immune equilibrium is globally asymptotically stable, and lastly when $\documentclass[12pt]{minimal}
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                \begin{document}$R_{1}>1$\end{document}$ then model ([4](#Equ4){ref-type=""}) has three equilibria: the virus-free equilibrium, the no-immune equilibrium, and the infected equilibrium; the virus-free and the no-immune equilibria are unstable and under the additional assumption $\documentclass[12pt]{minimal}
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                \begin{document}$(A_{4})$\end{document}$ the infected equilibrium is globally asymptotically stable. Furthermore, numerical simulations are given. It is shown that even if assumption $\documentclass[12pt]{minimal}
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                \begin{document}$(A_{4})$\end{document}$ does not hold, the no-immune equilibrium may be globally asymptotically stable only when $\documentclass[12pt]{minimal}
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                \begin{document}$R_{1}<1$\end{document}$, and the infected equilibrium may be globally asymptotically stable only when $\documentclass[12pt]{minimal}
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This paper is organized as follows. In Section [2](#Sec2){ref-type="sec"}, we will first introduce some assumptions for nonlinear incidence function $\documentclass[12pt]{minimal}
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                \begin{document}$f(x,y,v)$\end{document}$. Next, we will state and prove some basic results on the existence, uniqueness, positivity and ultimate boundedness of solutions with positive initial conditions for model ([4](#Equ4){ref-type=""}). Furthermore, the existence of the virus-free, the no-immune, and the infected equilibria also is obtained. The stability of the virus-free, the no-immune, and the infected equilibria is presented in Section [3](#Sec3){ref-type="sec"}. The numerical simulations are presented in Section [4](#Sec4){ref-type="sec"}. Lastly, some concluding remarks are presented in Section [5](#Sec5){ref-type="sec"}.

Preliminaries {#Sec2}
=============

As the epidemiological background of model ([4](#Equ4){ref-type=""}), we assume that any solution $\documentclass[12pt]{minimal}
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Proof {#FPar2}
-----

We know that model ([4](#Equ4){ref-type=""}) is equivalent to the following form: $$\documentclass[12pt]{minimal}
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Lemma 2 {#FPar3}
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The basic reproductive numbers for model ([4](#Equ4){ref-type=""}) are given by $$\documentclass[12pt]{minimal}
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-----
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Stability of equilibria {#Sec3}
=======================

First of all, we introduce the following assumption: $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \biggl(1-\frac{f(x,y,v)}{f(x,y^{*}_{i},v^{*}_{i})}\biggr) \biggl(\frac {f(x,y^{*}_{i},v^{*}_{i})}{f(x,y,v)}-\frac{v}{v^{*}_{i}} \biggr) \leq0, \quad i=1,2, \quad\quad\quad (A_{4})$$\end{document}$$ for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(x,y,v,z)\in\Gamma$\end{document}$, and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(x^{*}_{i},y^{*}_{i},v^{*}_{i})$\end{document}$ is the coordinate of equilibrium $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$E_{i}$\end{document}$ for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$i=1,2 $\end{document}$, respectively.

Specially, when $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$f(x,y,v)=\frac{\beta x}{1+mx+nv}$\end{document}$, by simple calculation we know that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$f(x,y,v)$\end{document}$ satisfies assumption $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(A_{4})$\end{document}$.

However, when $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$f(x,y,v)=\frac{\beta x}{1+nv^{2}}$\end{document}$, in Section [4](#Sec4){ref-type="sec"}, we will give the numerical examples to indicate that assumption $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(A_{4})$\end{document}$ may not be satisfied.

Theorem 1 {#FPar7}
---------
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-----
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For model ([5](#Equ5){ref-type=""}), by calculating, we see that the basic reproductive numbers $\documentclass[12pt]{minimal}
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Theorem 3 {#FPar12}
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Proof {#FPar13}
-----
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\ln x\leq x-1$\end{document}$ for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x>0$\end{document}$, we further have $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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Theorem 4 {#FPar14}
---------
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Proof {#FPar15}
-----

By calculating, we easily see that the linearization system of model ([4](#Equ4){ref-type=""}) at equilibrium $\documentclass[12pt]{minimal}
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As a consequence of Theorems [3](#FPar12){ref-type="sec"} and [4](#FPar14){ref-type="sec"} we have the following result for model ([5](#Equ5){ref-type=""}).

Corollary 2 {#FPar16}
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Theorem 5 {#FPar17}
---------
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Proof {#FPar18}
-----
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As a consequence of Theorem [5](#FPar17){ref-type="sec"} we have the following result for model ([5](#Equ5){ref-type=""}).

Corollary 3 {#FPar19}
-----------
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Numerical examples {#Sec4}
==================
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Discussions {#Sec5}
===========
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As is well known, in our body the immune response is made up of both a cellular response and a humoral response. The cellular response is that T cells kill the infected cells, the humoral response is that B cells produce an antibody to neutralize the virus. In this paper, we only consider the cellular response. In the future, our work will focus on the idea that the two kinds of immune response simultaneously play a role.
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